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SUMMARY 

Affinity chromatography can be used to measure equilibrium constants and 
kinetics of biological interactions. The local-equilibrium theory presented in the 
preceding paper is extended to include mass transfer and kinetic effects. Solutions for 
both zonal and frontal elution are presented. For highly nonlinear isotherms, the 
frontal elution method is preferred. Experiments with bovine serum albumin binding 
to immobilized Reactive Blue show that the binding kinetics inside the porous gel 
are several orders of magnitude slower than typical biological binding reactions in 
solution. The temperature dependence of the kinetic constants indicate that the bind- 
ing may still be diffusion-controlled. 

INTRODUCTION 

In the preceding paper’ we discussed analytical affinity chromatography as a 
method for measuring equilibrium constants for biological binding interactions. The 
retardation of a peak in zonal chromatography and the position of the breakthrough 
curve in frontal elution depend on the time the solute spends bound to the immobi- 
lized ligand as opposed to being carried along in the mobile phase. The degree to 
which the solute interacts with the ligand depends on the availability of binding sites 
and the strength of the solute-ligand interaction. The elution volume equations for 
both zonal and frontal chromatography each contain a term that is the product of 
the two, PBQ~~X . KL. Points on the equilibrium isotherm can be determined from the 
area behind the breakthrough curves at various values of the solute concentration 
co, as explained in the preceding paper l. A double-reciprocal plot of the isotherm 
then yields values for both KL and pBQmax. The retardation of solute peaks in zonal 
elution, on the other hand, can give KL only if pBQmax has been measured indepen- 
dently, and vice versa. 

l Current address: Department of Chemical Engineering, University of Minnesota, Minneapolis, 
MN 55455, U.S.A. 
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In some situations, a set of experiments used to measure the equilibrium as- 
sociation constants can be extended in order to determine the binding kinetics as 
well. This can be done if the kinetics are sufficiently slow that they dominate the 
spreading of the peak or breakthrough curve. If the binding kinetics are slow and 
the resistance to mass transfer is minimized, it should be possible to obtain ra1e 
constants for the binding process from a careful investigation of the effluent concen- 
tration profiles. 

Equilibrium constants can be measured either by zonal elution at low concen- 
trations or by frontal elution over a wider range of concentration. Since the nonlin- 
earity of the equilibrium isotherm has a relatively small effect on the exiting peak 
position, zonal elution can be used to measure equilibrium constants even for 
&co w 1. Peak spreading, on the other hand, is a strong function of the local con- 
centration. As a result, the measurement of kinetic constants by zonal elution must 
be performed and analyzed with this concentration dependence in mind. Up until 
now theories applied to zonal analytical affinity chromatography have not included 
nonequilibrium effects together with isotherm nonlinearity. In this paper we will 
discuss the applicable zonal and frontal elution models, extending the nonlinear 
theory presented in the previous paper to include nonequilibrium effects. 

Muller and CarrZ have used zonal affinity chromatography to determine the 
desorption rate constant for the binding of sugar derivatives to concanavalin A. They 
relied on the linear theory of Horvath and Lin3 to interpret their experimental results. 
Hethcote and co-workers4+ have also considered analytical affinity chromatography 
as a method for measuring binding kinetics. Their approach to measuring kinetics 
is limited to linear equilibria, although they have considered the effects of isotherm 
nonlinearity on the average peak retention time 5. Their single-component linear 
model is very similar to the chromatography theory developed by Kubin’ and Ku- 
cera8 and later extended by Smith and co-workers9J0. Hethcote and DeLisi have 
also considered multivalent binding and competition from added soluble inhibitors. 
It has been shown” that the theory developed by Horvath and Lin3 is identical to 
the earlier Kubin-Kucera theory. All of these theories rely on the use of the statistical 
moments to characterize the effluent profiles. 

Chase1*J3 has recently published a series of papers on preparative affinity 
chromatography in which he used the nonlinear sorption rate-limited model of Hies- 
ter and Vermeulen14 to predict breakthrough curves in frontal analysis. Using this 
approach Chase was able to study the binding of lysozyme and bovine serum albumin 
(BSA) to immobilized Cibacron blue and of /Sgalactosidase to immobilized antibod- 
ies. In contrast to the theories mentioned above, which predict the statistical mo- 
ments, the Hiester-Vermeulen model leads to analytical expressions for the effluent 
solute concentrations at all times. 

A feature common to the experimental studies mentioned above is the as- 
sumption that the rates of sorption are determined solely by the kinetics of the bio- 
logical binding process, and not to, for example, slow diffusion of the solute into the 
porous particles. The kinetic constants thus measured are artificially small when the 
rate of mass transfer becomes comparable to the rate of binding. This assumption 
that the binding kinetics are rate-limiting does not come from limitations in the 
mathematical models, but rather from the difficulty in distinguishing binding kinetics 
from mass transfer in a single set of experiments. Once the mass transfer rate has 
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been determined in independent experiments or estimated from known diffusivities, 
the contribution to peak or breakthrough curve spreading can be included in the 
affinity chromatography model. This will be discussed further below when the equa- 
tions for the concentration profiles are presented. 

The Kubin-Kucera moment theory is limited to linear equilibria, and we have 
shown previously that extremely low concentrations are needed to fulfill this require- 
ment for most biochemical kinetic studies l. This is true because significant peak 
spreading can occur when the equilibrium behavior becomes nonlinear, even in the 
limit of very fast kinetics. The Hiester-Vermeulen theory does not have this limita- 
tion. We will use the Hiester-Vermeulen model to determine binding kinetics by 
analytical affinity chromatography. Chase l 2 has presented applications of the model 
in frontal analysis when the binding kinetics are rate-limiting. Here we will show how 
the model can be extended to include zonal elution as well as cases where mass 
transfer and sorption rates are comparable. 

GOVERNING EQUATIONS 

When extracting kinetic information from affinity experiments, the local equi- 
librium assumption can no longer be made. Instead, the possible rate-limiting steps 
in the sorption process must be explicitly included in the chromatography model. 
The governing equations are those presented in Part I’ for local-equilibrium. To 
extend the model to cover departures from equilibrium, an equation to describe the 
finite adsorption and desorption rates is included. These equations have been dis- 
cussed in greater detail in ref. 1Y. 

a4 - = w(Q,a, - q) - prq at 
Eqn. 2, the binding rate equation, is second order in the forward direction and first 
order in the reverse direction, to correspond to interactions of the type 

P+ISPL PLI 4 
PI KL=;=[pl[Ll= 

~(Qmax - d 

This problem was first solved by Thomas l7 for frontal analysis and later by Gold- 
stein l 8 and Vermeulen et al. l g for zonal elution. The frontal analysis result has been 
studied in detail by Hiester and Vermeulen14, who extended it to include fluid- and 
particle-phase mass transfer as well as slow sorption kinetics. 

l The equations reported by Chase i2, based on the review of fixed-bed adsorption models by Yang 
and Tsaoi6, are not quite correct. Note also that the time I in Chase’8 papers is measured from the time 
at which non-adsorbing species exit the column, while t in this paper is measured starting from the time 
at which the feed is introduced to the front of the bed. The Chase definition is ambiguous since it depends 
on the size of the non-adsorbing species. If the solutes are too large to enter the pores, then the two times 
are related by r(Chase) = t - &L/uO. Eqn. 1 assumes that the rate of accumulation of solute in the pore8 
of the affinity beads is small compared to p&/t%, the rate of adsorption onto the particles. 
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To solve eqns. 1 and 2, it is convenient to use the following transformations 
proposed by Vermeulen and Hiester and discussed previously1s: 

x=c y=4 where q. = 
QmaxK~co 

CO 90 1 + z&co 

Nkin = id1 - 4~pQmarL 
UO 

1 
R,, = 

1 + &co 

T= Co co 

(1 - &wo (1 - 4wo 

The dimensionless group N is a “number of transfer units” for the column. L/N, or 
the “height of a transfer unit”, is identical to the HETP (height equivalent to a 
theoretical plate) commonly found in the chromatography literature. When N is 
large, or the HETP is small, we are operating close to the local-equilibrium limit, and 
the peaks and breakthrough curves are sharp. 

With these definitions, eqns. 1 and 2 become 

!!!I+-= ay 
aN i?NT 

0 

ST = x(1 - Y) - R,,Y(l - x) 

(4) 

(5) 

Hiester and Vermeulen14 have shown that it is also possible, with the appropriate 
transformation, to obtain eqn. 5 starting from the mass transfer equation with a 
linear concentration driving force: 

(1 - a)&$ = KoL$l(C - 4 (6) 

where c* is the liquid concentration in equilibrium with the average concentration 
of bound material [c* = q/KL(Qm,, - q)]. lyoL is the overall mass transfer coefficient, 
and up is the particle surface area per unit column volume. The product hLa,, can 
be found from the peak spreading of unadsorbed tracers, as discussed in ref. 20. For 
mass transfer-limited sorption, the number of transfer units becomes 

N 
2Kota,L 

m”. = (Res + l)uo 

If the rate of mass transfer is comparable to the rate of the sorption step (N,.,.x 
Nkin), then we can combine the processes as resistances in series and define an overall 
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number of transfer units: 

Re, + 1 1 1 -1 L 
N= ----+ 

2KoLap Al - 4~pQmax ; 
(8) 

When affinity chromatography is used to investigate binding kinetics, it is important 
to design the experiment in such a way that the contributions to peak spreading from 
mass transfer and end effects do not overwhelm the kinetic contribution. In order 
for the mass transfer contribution to be small, the number of transfer units for mass 
transfer must be large compared to N for binding kinetics. 

N In.,. s Kin 

It is useful to estimate the observable rate constants for a particular system. Let us 
take the example of BSA binding to blue dye immobilized on Sepharose CL-4B. The 
overall rate of mass transfer is determined primarily by the slow diffusion of the large 
BSA molecules into the approximately IOO-pm diameter particles. KoLap for this 
system has been measured from the second moments of BSA pulses on underivatized 
Sepharose CL-4B (0.034 s-l) (ref. 20). The column we wish to use has a maximum 
binding capacity of 5 . lo-’ A4 (3.3 mg/ml), and KL = 9 . 10’ M-‘. If we choose a 
feed concentration such that R,, = 0.5, then 

Pf < 

2(0.034) 

1.5(5 . 10-S) 
x 103 M-l s-l 

The experiments will be able to measure the forward rate constant only if it is smaller 
than about lo3 M-’ s-l, which is two to three orders of magnitude smaller than 
forward rate constants commonly measured for biological interactions in solution. 

The situation can be improved somewhat by decreasing the mass transfer re- 
sistance. This is most easily done by using smaller beads. A reduction in the particle 
size by a factor of three will decrease the overall mass transfer coefficient by roughly 
a factor of 32 = 9, which leads to an order-of-magnitude extension in the measurable 
R. At a certain point, however, the mass transfer resistance will be decreased so much 
that other dispersive mechanisms such as mixing in the distributor and detector will 
dominate the peak spreading. Hethcote and DeLisP have proposed reducing the 
mass transfer contribution by immobilizing the macromolecular species and allowing 
the small molecule to diffuse to the binding sites. This does not work, of course, if 
the solute and ligand are both macromolecules. A significant disadvantage of their 
scheme is the difficulty of detecting equivalent molar concentrations of small mole- 
cules. 

SOLUTIONS 

Zonal elution 
For a pulse of duration to, we can define a dimensionless pulse time To as 
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The exiting concentration profile, X as a function of T for a given pulse T,-,, depends 
only on the two parameters R,, and N. The solution to eqns. 4 and 5 for a finite 
pulse is’s 

x = J(ReqN,NT) - J(R,,N,NT - NTo) 
P 

(Rep G 1) 

where 

P = exp((1 - R,,)(N - NT)}[l - J(N,R,,NT)] + 

+ J(Re‘,N,NT) - J(R,,N,NT - NTo) + 

+ exp((1 - Req)(N - NT + NT,)}J(N,R,,NT - R,,NT,) 

Evaluation of the J function is discussed in the Appendix. 
Eqn. 10 can be used to illustrate how nonlinearity in the equilibrium isotherm 

affects the shape and position of an exiting peak. As the concentration of the sample 
pulse is increased, R,, becomes smaller. The peaks exit earlier since a given solute 
molecule has fewer encounters with immobilized ligands. Furthermore, the peaks are 
no longer symmetrical as they are for very small concentrations, where R,, = 1. This 
loss of symmetry has been seen in the peaks predicted by local-equilibrium theory’. 

Dispersion opposes this effect by lowering the local concentrations so that they 
have velocities that are more similar. Therefore dispersion acts to smooth out the 
sharp boundaries in the chromatograms shown in the previous paper for nonlinear 
local equilibrium theory. The effects of increasing the sample concentration are il- 
lustrated in Fig. 1: increasing co causes a decrease in the average retention time and 
greater asymmetry of the peaks. It is difficult to calculate the second moments of 
peaks with large degrees of tailing since small changes in the baseline lead to large 
errors in higher order statistical moments. 

0.05 * , , , , , ( , , , 

R=0.5 

C 

G 

Fig. 1. Elution profiles in zonal chromatography with nonlinear equilibrium. Increasing the concentration 
in the pulse decreases the retention time and increases tailing. Values used in the calculation: L = 5 cm; 
u0 = 0.236 cm s-l; E = 0.80; &, = 1.5 s; 1, = 0.1 s-‘; KL = 1.6. lo4 M-l; psQrnar = 3.31 . 1O-4 M. 
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In the limit of linear equilibria (Req = l), eqn. 10 simplifies to 

X = J(N,NT) - J(N,NT - NTa) (&, = 1) (11) 

This solution can be used to predict elution profiles for preparative gel filtration 
chromatography with large pulses that may or may not be resolved at the column 
exit. The Kubin-Kucera/Smith and the Hethcote-DeLisi theories for zonal elution 
are limited to predicting the statistical moments of the exiting peak. Since the solu- 
tions presented here give the whole concentration profile, they are particularly useful 
when one wishes to calculate product recovery or dilution in preparative-scale chro- 
matography. Eqn. 11 and the Kubin-Kucera theory give identical numerical values 
for the peak moments. 

Frontal elution 
Eqn. 12 predicts the breakthrough profile that would be expected from an 

affinity column when the solute is fed continuously starting at time t = 0. This 
solution shows that the exiting concentration for a given column as a function of 
effluent volume depends solely on the equilibrium parameter R,, and the number of 
transfer units for the column. The definitions of R,, and N are the same as before: 
the column and interactions that lead to peak spreading and retention are the same 
ones that determine the breakthrough behavior. Only the boundary conditions are 
different. 

YE 
J(Re,N,NT) 

/l-7\ 

EXPERIMENTAL METHODS 

exp{(& - l)(NT - N)}[l - JW&NT)I \‘&I 

The adsorption of BSA (Sigma, crystallized and lyophilized) onto an im- 
mobilized blue triazine dye (Reactive Blue, Sigma) was studied by frontal elution 
chromatography to exemplify the use of the preceding theory. Immobilized blue dye 
is widely used to purify NAD-dependent enzymes and plasma proteins. The inter- 
action of the dye molecule with BSA appears to involve more than one binding site 
on the proteinzl. The Reactive Blue was immobilized onto Sepharose CL4B and 
Superose CLdB (Pharmacia) using the procedure of Dean and Quadri*‘. A relatively 
small amount of Reactive Blue was coupled to the gels in order to keep the BSA 
binding capacity low (ca. 4 mg/ml) for these experiments. The experiments described 
below were performed on gels prepared in single batches. No loss of capacity was 
detected after repeated use. 

Breakthrough curves were recorded at several temperatures for a range of feed 
concentrations and residence times (L/uc) in order to measure the equilibrium as- 
sociation constants and to identify the rate-limiting step in the binding process. The 
apparatus used to detect the breakthrough curves consisted of an Altex 153 spectro- 
photometer connected to an HP 3421 data logger and HP 85 computer/controller. 
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Fig. 2. Equilibrium isotherms obtained from breakthrough curves of bovine serum albumin binding to 
Reactive Blue-Sepharose CL-4B. A, YC; 0, 3o’C; n , 47’C. 

RESULTS 

Equilibrium 
The area behind the breakthrough curve corresponds to the equilibrium ca- 

pacity of the affinity gel at the feed concentration used. Thus the isotherm can be 
generated by integrating the breakthrough curves for different co. Isotherms were 
generated in this way for BSA binding to Blue-Sepharose CL4B at 5, 15, 30 and 
47°C. Three of the isotherms are shown in Fig. 2. (The data at 15°C have been omitted 
for clarity.) The solid lines correspond to the Langmuir isotherms that best fit the 
data in a double-reciprocal plot (l/p,q vs. l/co). The association constants and max- 
imum binding capacities are listed in Table I for the four temperatures. 

Although there is no clear trend in the values of the equilibrium binding con- 
stants KL, the apparent maximum capacity psQ max increases as the temperature is 
increased from 5 to 47°C. This could be caused by swelling of the gel at higher 
temperatures, making more binding sites available in the interior of the beads. The 
increase could also be due to deviations from the Langmuir-type equilibrium behav- 
ior in which every site is equivalent. This is quite possible since the binding of BSA 
to the blue dye is somewhat non-specific and there is apparently more than one dye 

TABLE I 

EQUILIBRIUM BINDING RESULTS FOR BSA ADSORBING ONTO REACTIVE BLUE-SE- 
PHAROSE CL-4B 

Temperature (“C) 

5 15 30 47 

PBQ~~X @x/ml) 3.06 3.12 3.43 3.88 
PBQW WI 4.6 . lo-’ 4.1 . 10-S 5.2 1o-s 5.9. 10-s 
KL w-‘) 8.1 lo5 1.6 . 10” 1.1 . 10s 9.0 105 
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binding site per BSA molecule. However, the data in Fig. 2 are described very well 
by the Langmuir equation. 

The binding of BSA to the dye results from a combination of electrostatic and 
hydrophobic interactions* l. The hydrophobic interactions are largely entropic in 
nature, while the electrostatic interactions contribute to the enthalpy. The overall 
free energy change AG associated with binding may have a rather complex temper- 
ature dependence since AG = AH - TAS. 

Kinetics 
Once the equilibrium binding constant has been determined, the separation 

factor R,, can be evaluated. The experimental breakthrough curves can then be com- 
pared to those predicted by eqn. 12 in order to estimate the number of transfer units, 
N, for the affinity adsorption. By studying the variation of N with flow-rate, tem- 
perature, and particle size, it should be possible to identify and quantify the rate- 
determining step in the affinity adsorption. The binding rate constant can be mea- 
sured in this way, providing it is sufficiently small. In order to do this one must first 
estimate the contribution to the shape of the breakthrough profile that arises from 
the slow diffusion of the solute into the particles. 

The overall mass transfer coefficients for BSA diffusing into particles of Se- 
pharose CL4B has been measured at 21°C by zonal elution chromatography on 
underivatized gel1 5. In order to estimate KoLap for the four different temperatures, 
it has been assumed that KoL is proportional to the diffusivity, which depends directly 
on temperature and indirectly through the viscosity of the surrounding medium. 
From the Stokes-Einstein relationship, D cc p/T(K). Using the temperature depen- 
dence of the viscosity of water and the value of KoLap measured at 21”C, the following 
values for the overall mass transfer coefficient have been estimated at the various 
temperatures. 

Temperature (“C): 5 15 (21) 30 47 
J&up (s - 9: 0.021 0.028 (0.034) 0.043 0.063 

If the actual binding of the BSA to the immobilized dye was fast compared to the 
diffusion of the protein into the particles, the value of N for the adsorption break- 
through curve would be given by eqn. 7, using the values of &ap listed above. 

Typical breakthrough curves are shown in Fig. 3. The experimental curves are 
represented by the circles, while the profiles predicted by eqn. 11 that best fit the 
slope of the experimental curve at the midpoint (c = 0.5~) are represented by the 
lines. Both profiles were generated at approximately the same feed concentration and 
residence time; the difference in the curves reflects the effect of temperature on the 
rate of diffusion and binding. 

The values of N predicted by eqn. 7 for adsorption that is limited only by the 
rate of mass transfer into the particles would be N = 127 at 30°C and N = 60 at 
5°C for the conditions of the experiment in Fig. 2. The N values found from the 
actual breakthrough curves are considerably smaller, which indicates that, in addition 
to diffusion, there is another slow step in the adsorption of BSA onto the dye im- 
mobilized in the macroporous particles. 

Data for a number of breakthrough curves at 5°C are presented in Table II. 
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Fig. 3. Breakthrough curves for bovine serum albumin binding to Reactive Blue-Sepharose CL4B. 
co = 0.6 mg/ml. 0, 5’C, L/u0 = 1580 s, N = 15; 0, 3o”C, L/u,, = 1660 s, N = 26. 

TABLE II 

RESULTS FROM BREAKTHROUGH CURVES FOR BSA ADSORBING ONTO SEPHAROSE 
CL-4BREACTIVE BLUE AT 5°C 

Feed cone. 

~0 (mAmU 

N Lh (s) N 

m (s- ‘) 

p, (M-’ s-‘) 

0.15 20 1700 0.012 410 
0.15 15 1570 0.010 297 
0.20 18 1620 0.011 370 
0.25 21 2380 0.009 260 
0.40 21 2600 0.008 226 
0.50 17 1730 0.010 290 
0.60 15 1580 0.009 277 
0.70 15 1510 0.010 291 

TABLE III 

BINDING RATE CONSTANTS MEASURED BY ANALYTICAL AFFINITY CHROMATO- 
GRAPHY 

BSA binding to immobilized Reactive Blue. 

Temperature (“C) PI (M -‘s-l) 

5 3.0 f 1* 
15 3.9 f 1 
30 5.5 f 1.5 
47 (51 

* Values f standard deviation. 
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Fig. 4. Temperature dependence of forward binding rate constant for bovine serum albumin on Reactive 
Blue-Sepharose CL-4B. Error bars indicate spread of measured values. 

The contribution of mass transfer to the overall number of transfer units can be 
calculated from the known feed concentration and K&up for this temperature. The 
binding rate constant can then be calculated using eqn. 8. The results are summarized 
in Table III for the four temperatures. Each value of k is based on at least eight 
separate measurements, except for the point at 47°C which is based on only two. 

A plot of In pf versus l/T is presented in Fig. 4. Only the points at 5, 15 and 
30°C have been included. If the forward rate constant is described by an Arrhenius 
equation, 

t.h = A exp[-E,/RTj (13) 

one obtains the activation energy E, = 4 kcal mole- ’ and the preexponential factor 
A = 4.4 . 10’ M-’ s-r. The temperature coefficient is small, within experimental 
error of the temperature coefficient of the viscosity of liquid water (E, = 3 kcal 
mol- ‘), expected for a diffusion-controlled reaction. 

In order to study the effect of particle size on the breakthrough behavior, 
several breakthrough curves were measured on an adsorbent made by immobilizing 
the Reactive Blue on Superose CL-6B. Superose is an agarose-based gel similar to 
Sepharose, but with a mean particle size of 30 pm. The overall mass transfer coef- 
ficient for BSA diffusing into this gel was measured and found to be 0.12 s-r, or 
about three times greater than the &a, in Sepharose. This increase in the mass 
transfer coefficient is less than would be expected from the roughly three-fold reduc- 
tion in the particle size. However, the Superose is a denser matrix than Sepharose 
(6% vs. 4%) and probably has smaller, more tortuous pores15. The results from the 
breakthrough experiments on Blue-Superose are summarized in Table IV. 

If the adsorption process were limited only by the solute diffusion, then much 
sharper breakthrough profiles would be expected from the Superose beds. However, 
the overall adsorption rate (NuO/L) measured for Superose is actually less than that 
on Sepharose at the same temperature. Therefore, the rate-limiting step cannot be 
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TABLE IV 
RESULTS OF BREAKTHROUGH EXPERIMENTS ON REACTIVE BLUE-SUPEROSE CLdB AT 
21’C 

~a Qmu = 6.5 mg/ml (BSA) = 9.8 . lo-’ M; KL = 1.3 . 10’ M-l; fi& a, = 0.12 s-l. 

CQ (wlml) N & (s-l) 
jlf (hi-’ s-1) 

0.4 
0.5 
0.6 
0.8 
1.0 

15 
12 
15 
15 
15 

0.012 128 
0.009 97 
0.012 131 
0.012 132 
0.012 123 

Average: 122 

simply the diffusion of solute into the pores. The results are consistent instead with 
an adsorption mechanism that is kinetic rather than diffusion limited. 

DISCUSSION 

The forward binding constant obtained for the BSA binding to reactive blue 
in the Superose gel is smaller than the rate constant in Sepharose (440 M-’ s-l). It 
is possible that the degree of protein already bound to the matrix affects binding 
kinetics via steric hindrance at the binding sites or pore entrances. The Superose gel 
used in these experiments had about twice the capacity of the Sepharose. The capac- 
ities of the adsorbents used in these experiments, however, is much smaller than the 
maximum attainable capacities (cu. 20 mg/ml). The gels were made with low capac- 
ities in order to minimize the effects of steric hindrance due to high loading. The 
effects of loading on kinetics were not investigated. 

The binding rate constants measured in this study are considerably smaller 
than rate constants characteristic of diffusion-controlled biological reactions in so- 
lution. The source of this slow binding of the protein to the immobilized ligand is 
not clear. It is possible that the presence of the surface next to the ligand makes it 
difficult for the large albumin molecule to approach at a proper orientation for bind- 
ing. Or, perhaps, the presence of the gel matrix hinders the rotation of the protein 
as well as the translational motion. It is possible that this reaction is still diffusion 
limited, with additional constraints imposed by the pore surfaces. This might explain 
the smaller rate constant measured in Superose beads. Another possibility is that the 
small dye molecule interacts with the surface in such a way that only a fraction of 
the ligands are available for binding at any given instant. A collision between the 
protein and such a sequestered ligand would not lead to binding. 

CONCLUSIONS 

The frontal elution technique is preferred to zonal elution for measuring the 
kinetics of strongly interacting biological molecules. Zonal methods have relied on 
the assumption of a linear equilibrium isotherm, an assumption that is unjustified for 
most biological systems. A theory for nonlinear zonal elution has been presented. 
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The chromatography theories presented here allow one to separate the effects 
of mass transfer from binding kinetics provided the overall mass transfer coefficient 
for the system is known. Overall mass transfer coefficients can be measured by zonal 
chromatography, as discussed in ref. 15. 

The forward binding rate constant measured for BSA interacting with im- 
mobilized blue dye is three orders of magnitude smaller than rate constants of dif- 
fusion-controlled biological binding reactions in solution. The temperature depen- 
dence of the binding kinetics, however, is consistent with diffusion control. The ac- 
tivation energy is approximately 4 kcal/mole. It is possible that the low rate constant 
reflects the macromolecule’s difficulty in finding the proper orientation for binding 
within the confined spaces of the pores. 
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APPENDIX 

Evaluation of the Jfunction 
Accurate evaluation of J is critical for the zonal elution solution (eqn. 9). The 

J function is defined as 

x 

J(x,y) = 1 - exp( - y) 
s 

exp( - r)10(2Jry)dt 

0 

In order to calculate J, we have made use of the following equalities’* 

J(x,y) = e-(X+y) f rjmI&) = 1 - e-(X+y) c ~-“Im(~) 
m=O m=l 

where 

5 = 2Jxy q=JG 

I, is the modified Bessel function of mth order. To find I,, it is convenient to use the 
recurrence relation for Bessel functions: 

1, + i(X) = Im - lCx) - 
2m 
,Im(X) 

Because of the numerical instability of this relationship, errors in succeeding calcu- 
lations increase rapidly. Only five terms were calculated in this way before obtaining 
new values from the infinite series. 
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The major difficulties encountered in the calculation of the concentration pro- 
file were: (1) the overflow of exponents in the denominator of eqn. 9 and (2) evalu- 
ating the numerator when the values of the two J functions were very, similar. The 
latter problem was solved by using the Taylor series expansion of the J function 
about 1 and then subtracting the two series. The overflow problem was solved by 
absorbing the exponent exp( - R -NT) into the series and then taking the logarithm 
of each term. 

For values of x and y such that (xy>* 2 7, the following (Onsager) approxi- 
mation can be used: 

J&y) = i 1 - erf(Jx - di) + 
exp[- (JX - x&)~] 

A&/; + “& 

SYMBOLS 

UP 

c 

Ci 
CO 

4 
t 

to 
UO 

V 

Z 
A 

KL 

KOL 

L 
N 

Q max 

R 
T 
V 
x 

B’ 
& 

P 
PI 

Pf 
R 
PB 
PP 

particle surface area per unit volume (cm- ‘) 
bulk liquid concentration (A4) 
average solute concentration in pore liquid (A4) 
feed or pulse concentration (M) 
average sorbate concentration (mmoles g- 1 particle) 
time elapsed from injection of sample (s) 
pulse length (s) 
liquid superficial velocity (cm s-l) 
total column volume (cm3) 
distance along column (cm) 
column cross section (cm2) 
Langmuir or association constant (M- ‘) 
overall mass transfer coefficient (cm s- ‘) 
column length (cm) 
dimensionless number of transfer units 
maximum number of available sites (mmoles g-’ particle) 
dimensionless separation factor 
dimensionless effluent volume 
effluent volume (= uoAt) (cm3) 
dimensionless solute concentration 
dimensionless sorbate concentration 
particle volume fraction available to solute 
column void fraction 
viscosity 
average retention time (s) 
forward binding rate constant (AK ’ s- ‘) 
reverse binding rate constant (s-l) 
bulk density [ = pp (1 - E)] (g cme3 particle) 
particle density (g cmW3 particle) 
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